We study the dynamics of spin currents in the XX spin-1/2 ladder at finite temperature. Within the framework of linear response theory, we numerically calculate autocorrelation functions for quantum systems larger than what is accessible with exact diagonalization using the concept of dynamical quantum typicality. We show that spin Drude weights vanish exponentially fast with increasing system size. As a main result, we unveil qualitatively different dependencies of the spin diffusion coefficient on the rung-interaction strength, resulting from a crossover from exponential to Gaussian dissipation as the rung coupling increases. This behavior is also derived analytically. We further discuss the relation of our results to experiments with cold atomic gases.
Introduction. The theoretical understanding of transport properties of interacting quantum many-body systems is paramount in characterizing states of matter. Strongly interacting one-dimensional (1D) systems may exhibit either diffusive or ballistic transport properties at finite temperatures [1] [2] [3] [4] , the latter being due to local conservation laws in integrable models [1, [5] [6] [7] [8] . These unusual properties have been speculated to be related to the observation of huge magnetic thermal conductivities in 1D quantum magnets [9] [10] [11] and may have potential applications in signal propagation in artificial 1D systems on surfaces [12] or for spintronics applications [13, 14] . Generic non-integrable 1D systems are believed to exhibit no ballistic dynamics [15] [16] [17] [18] and presumably diffusive transport (see Refs. 19-22 for possible exceptions or corrections).
More recently, it has become possible to address qualitative aspects of mass transport in experiments with ultra-cold quantum gases in optical lattices [23] [24] [25] , based on the realization of Bose-and Fermi-Hubbard models in these systems [26] . Studies that utilized the so-called sudden expansion, i.e., the release of a trapped gas of atoms into an empty optical lattice, support the picture that mass transport in two-dimensional Hubbard models is diffusive for both bosons and fermions [23, 24] , while experiments with strongly interacting bosons in 1D have clearly shown ballistic transport properties [24] . Bosons in 1D subject to infinitely strong interactions, called hard-core bosons, are integrable via the exact mapping to non-interacting fermions [27] and thus Ref. 24 establishes an unambiguous experimental realization of ballistic dynamics in an integrable 1D system, rendering this a suitable starting point for future studies. Moreover, hard-core bosons are equivalent to spin-1/2 XX models, establishing a direct connection to research on the transport properties of quantum magnets.
An important question is the effect of integrability breaking on transport properties. In quantum gas experiments, a straightforward way to break integrability is to induce an inter-chain coupling and indeed, experimental results for sudden expansions in the 1D-2D crossover of interacting bosons indicate a rapid emergence of diffusive-like behavior upon increasing the interchain coupling [24] .
As an alternative to the dimensional crossover, one can consider two coupled chains, i.e., a ladder, which can easily be realized in optical lattices using superlattices [28] . This system, in particular, is accessible to state-of-theart numerical methods. First studies of the dynamics of hard-core bosons on a ladder geometry in the sudden expansion [29] or for wave-packet dynamics [30] indicate diffusive dynamics for sufficiently large inter-chain coupling, yet a systematic and quantitative analysis of ballistic and diffusive contributions based on linear response theory is lacking.
In this Letter, we address precisely this question using the spin-1/2 XX ladder. By exploiting the concept of dynamical quantum typicality [31] [32] [33] [34] [35] , we are able to study ladders with up to N ≤ 36 spins, larger than what can be accessed with exact diagonalization. In addition, we can reach the long time scales as required to detect and analyze ballistic contributions [34] . In the high-temperature limit, we first demonstrate the absence of ballistic contributions and then compute the diffusion constant as a function of the inter-chain coupling. As a main result, we identify three regimes characterized by qualitatively different time dependencies of current autocorrelation functions. Finally, we discuss a possible experiment with quantum gases that could put our theoretical predictions to a test.
Model. We study spin-current dynamics in a XX ladder of length N/2 with periodic boundary conditions, where N is the number of sites. The Hamiltonian H = J H + J ⊥ H ⊥ consists of a leg part H and rung part H ⊥ , given by ( = 1)
where S
x,y i,k are spin-1/2 operators at site (i, k), J > 0 is the antiferromagnetic exchange coupling constant along the legs, and J ⊥ = r J > 0 is the strength of the rung interaction. While the XX ladder splits into two integrable XX chains of free Jordan-Wigner fermions for r = 0, it simplifies to a set of uncoupled dimers for r → ∞. In the case of r = 0, the XX ladder is non-integrable and the Jordan-Wigner transformation maps hard-core bosons to interacting fermions [29] . In general, the model in Eq. (1) preserves the total magnetization S z and is invariant under translation due to periodic boundary conditions. We do not restrict ourselves to a certain S z sector and take into account the full Hilbert space with d = 2 N states, which corresponds to S z = 0 [36] . The longitudinal spin current is defined via the continuity equation and has the well-known form
The spin current commutes with the Hamiltonian only at r = 0. Within the framework of linear response theory, we are interested in the autocorrelation function at the inverse temperatures β = 1/T (k B = 1),
where the time argument of j has to be understood w.r.t. the Heisenberg picture, j = j(0), and C(0) = J 2 /8 in the high-temperature limit β → 0. From this autocorrelation we obtain the two central quantities
with t 2 > t 1 and t 2 → ∞. The first quantity C is the spin Drude weight, which, being the non-decaying part of C(t), signals ballistic transport [1] . The second quantity D is the spin-diffusion constant and well-defined for a vanishing C [and a sufficiently fast decay of C(t)]. The prefactor χ is the static susceptibility (per spin) and χ = 1/4 as β → 0. The numerical calculation of the two quantities in Eq. (4) is feasible by choosing finite but sufficiently long times t 1 and t 2 , where C(t) has already decayed to its final value, and t 2 ≫ t 1 . Numerical method. Our numerical method relies on replacing the trace Tr{•} = n n| • |n in Eq. (3) by a scalar product involving a single pure state |ψ . More precisely, following the concept of quantum typicality, we draw |ψ at random according to a probability distribution that is invariant under all possible unitary transformations in Hilbert space (Haar measure). Using a soconstructed |ψ and abbreviating |ψ β = e −βH/2 |ψ , the autocorrelation function in Eq. (3) is approximated by [31] [32] [33] [34] [35] 
the approximation becoming more accurate as the dimension of the Hilbert space increases [34, 37] . The salient feature of Eq. (5) is that it can be calculated numerically without diagonalization of the Hamiltonian. To this end one has to introduce two pure states: The first reads |Φ β (t) = e −ıHt−βH/2 |ψ and the second is |ϕ β (t) = e −ıHt j e −βH/2 |ψ . Then,
The dependence of the two states on t and β is calculated numerically by a massively parallel implementation of a Suzuki-Trotter product formula or Chebyshev polynomial algorithm. This allows us to study quantum systems with as many as N = 36 spins [Hilbert-space dimension d = O(10 11 )], although we do not exploit symmetries of Eqs. (1) and (2) at present [34] .
Results. We begin with high temperatures β → 0 and an intermediate rung interaction strength r = 1. In Fig.  1 (a) we summarize our numerical results for the spincurrent autocorrelation function C(t) for different system sizes N = 20, 24, 28, and 36. Clearly, C(t) rapidly decays towards zero for all N , with almost no finite-size effects visible in the lin-lin plot. Particularly, for all N depicted, there is no signature of a dissipationless contribution of C(t) for times t J ≤ 50. To illustrate the existence of such a contribution, Fig. 1(b) shows a semi-log plot of C(t) up to times t J ≤ 400. Although a dissipationless contribution becomes visible, it amounts to only 1% of the initial value C(0) for N = 20 and systematically decreases further when system size is increased. Already for N = 28, it takes a tiny value ≪ 1%. Note that we do not determineC for larger N since, for such N , the computational effort is unreasonably high for the long times t J > 400 required.
In Fig. 2 we provide a detailed finite-size analysis of the non-decaying contribution, based on system sizes where this contribution can be extracted from the long-time window the definition of C in Eq. (4). Our usage of a log-lin plot unveils an exponential decrease with system size, over more than two orders of magnitude. Certainly, this kind of decrease may be expected for a highly non-integrable model [35] the exponent turns out to be practically independent of r while the amplitude scales roughly ∝ 1/r. Based on these results, we conclude that, for r > 0, the Drude weight vanishes in the thermodynamic limit. Compared to earlier studies of transport in gapped 1D spin systems [15] [16] [17] [18] , we resolve a particularly clean exponential and fast decay of the Drude weight.
Since the Drude weight vanishes, the central quantity of interest is the diffusion constant. In fact, we are able to calculate the diffusion constant even quantitatively using large systems, due to the tiny non-decaying contribution for such systems. Still, we have to choose a finite time t 2 for the evaluation of D in Eq. (4). In praxis, we determine the decay time τ , where C(τ )/C(0) = 1/e, and calculate D for t 2 = 5.5τ ≫ τ . For instance, from the data shown for r = 1 in Fig. 1(c) , we get t 2 J ≈ 28 and therefore, a reasonable choice of t 2 with little finite-size effects for large N . Note that we cannot choose extremely long t 2 , which would artificially blow up tiny non-decaying contributions or include other finite-size effects [36] . In Fig. 3 we depict the resulting quantitative values of the diffusion constant as a function of the rung coupling r. Values for different N illustrate little finite-size effects for all r. The log-log plot clearly unveils several regimes with a power-law dependence of D on r. More precisely, we observe three qualitatively different regimes: (i) r ≪ 1:
2 , (ii) 1 r 2: D ∝ 1/r, and (iii) r ≫ 1: D = const. Note that in the XXZ chain similar regimes appear as a function of the exchange anisotropy [30, 38, 39] .
To gain insight into the origin of the scaling of D with r, we consider the time dependence of the spin-current autocorrelation function C(t) in more detail. In Fig. 4(a) we show C(t) for a weak rung coupling r = 0.25. Evidently, the time dependence of C(t) is well described by a simple exponential relaxation. Due to this exponential relaxation and the scaling D ∝ 1/r 2 in Fig. 3 , the weak r ≪ 1 regime turns out to be a conventional perturbative regime [38, 39] . For r > 1 the behavior changes qualitatively. In Fig. 4(b) we depict C(t) for a corresponding strong rung coupling r = 1.5. Here the exponential relaxation turns into a Gaussian decay. This kind of decay, and particularly the scaling D ∝ 1/r in Fig. 3 , is in line with the generic behavior suggested in Refs. 38 and 39 for the case of strong perturbations. In fact, according to Ref. 39 , one expects at high temperatures β → 0
and therefore, D = C(0) √ π/(2rχ √ γ) ≈ 0.89/r. The prediction of Eq. (7) is in good agreement with the numerical data for C(t) at r = 1.5 in Fig. 4(b) . However, it does not incorporate possible revivals of C(t) that occur in our case because of the band-like spectrum that emerges in the limit of strong rung dimers for r → ∞. In Fig. 4(b) we illustrate the onset of such revivals for a large rung coupling r = 4. These revivals explain the third regime with D = const shown in Fig. 3 , in analogy to the spin-1/2 XXZ chain, where similar revivals appear close to the trivial Ising limit [30] . The identification of these three regimes characterized by a qualitatively different decay of current autocorrelations is a main result of this Letter.
Finally, we describe an experiment with cold quantum gases, in which our results for the diffusion constant could be verified. XX spin models can be realized with a singlecomponent Bose gas in an optical lattice in the limit of (7) and is in line with the generic behavior D ∝ 1/r suggested in Refs. 38 and 39. However, for large r, revivals occur due to the simple structure of the spectrum in the rung-dimer limit of r → ∞, resulting in D = const. In (b) C(t) is shown for a finite temperature β J = 0.5 also.
infinitely strong repulsive on-site interactions, see, e.g., Refs. 24 and 40. In order to probe diffusion, one would desire a homogeneous background density with half a particle per site, which could be accomplished by using a box trap [41] instead of harmonic trapping potentials. The basic idea to measure D is to induce a local perturbation in the density, by, e.g., superimposing a dimple trap using methods along the lines of [42] , and then to monitor the time evolution of the density profile as a function of position. From such information, one can extract the diffusion constant from the time dependence of the variance, as demonstrated numerically for 1D spin systems [30, 43] .
The qualitative dependence of D on r depends on temperature (see, e.g., Ref. 44 for a theory of diffusion in 1D gapped quantum magnets at low T ) and therefore, it is necessary to put the gas at sufficiently high temperatures to be able to observe our qualitative predictions. This can be done by subjecting the gas to heating. We checked that the qualitative decay of C(t) does not change down to T /J ∼ 2 and hence it is reasonable to expect no qualitative changes in the r dependence of D either. Similarly, small deviations from S z = 0 do not seem to change the picture qualitatively [36] .
Conclusion.
We studied the dynamics of spin currents in the spin-1/2 XX ladder at finite temperature. Within the framework of linear response theory, we numerically calculated autocorrelation functions for large quantum systems by exploiting the concept of dynamical quantum typicality. We showed that spin Drude weights vanish exponentially fast with increasing system size. We further found qualitatively different dependencies of the spin diffusion coefficient on the rung-interaction strength, resulting from a crossover from exponential to Gaussian dissipation at intermediate coupling strengths, which we also derived analytically.
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